Binary vectors with prescribed subsets of consecutive ones  by Apostol, Tom M
JOURNAL OF COMBINATORIAL THEORY, Series A 47, 176-190 (1988) 
Binary Vectors with Prescribed 
Subsets of Consecutive Ones 
TOM M. APOSTOL 
Department of Mathematics, Caltfornia Institute of Technology, 
Pasadena, California 91125 
Communicated by the Managing Editors 
Received September 8, 1986 
DEDICATED TO THE MEMORY OF HERBERT J. RYSER 
Recursion formulas and generating functions are derived for determining the 
number of binary vectors in n-space containing exactly k isolated m-tuples of 
consecutive ones. c 1988 Academic Press, Inc. 
1. INTRODUCTION 
This paper treats a combinatorial problem on counting the number of 
binary vectors with prescribed subsets of consecutive ones. The research 
originated from an engineering problem concerned with short-circuiting of 
adjacent electrodes (see [ 1,2]). 
We consider binary vectors in n-space, that is, vectors (x,, . . . . x,) in 
which each component xi is either 0 or 1. An entry xi = 1 is said to be an 
isolated singleton if its neighboring components xi_ i and xi+ i are 0. If 
x, = 1 we only require xa = 0, and if x, = 1 we only require x, _ i = 0. 
A pair of consecutive ones xi = xi + i = 1 is said to be an isolated pair if 
xi-, =0 and xi+1 = 0, with the obvious modification if x1 =x2 = 1 or if 
X n-1 =x,= 1. 
An isolated m-tuple of consecutive ones xi = xi+ 1 = . . . = xi+ m-, = 1 is 
similarly defined. 
We are interested in the number of binary vectors in n-space containing 
exactly k isolated m-tuples of consecutive ones. Recursion formulas and 
generating functions are derived for determining this number. The values 
are tabulated for n < 25, 0 <k d 5, and 1 < m < 5. 
There is some overlap in this paper with the work of Guibas and 
Odlyzko [3] who consider a more general class of problems. Specifically, 
our generating function in Theorem 13 can be extracted from a general 
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class of generating functions given in Eq. (1.4) of [3]. However, the treat- 
ment of the special problem considered here is more elementary and direct, 
and the results are presented in a way that makes them more accessible for 
applications. 
2. ISOLATED SINGLETONS 
Let S,(n) denote the number of binary vectors in n-space containing 
exactly k isolated singletons. We begin with the case k = 0 in which there 
are no isolated singletons. By direct enumeration we find 
Wl)= 1, S,(2) = 2, S,(3) = 4, S,(4) = 7. 
For example, the seven vectors in 4-space with no isolated ones are 
(0, 0, 0, 01, (0, 0, 1, 11, (1, 130, Oh (0, 1, LO), 
(0, 1, 1, l), (1, 1, l,O), (1, 1, 1, 1). 
Subsequent values of S,(n) can be determined from the following recursion. 
THEOREM 1. Zf n 2 3 we have 
S,(n + 1) =2&(n) - d&s&r - l), (1) 
where A is the difference operator, Af (n) = f (n) -f (n - 1). 
Proof: Suppose (x,, . . . . x,) has no isolated ones, and consider the last 
component, x,. If x, = 0, then (xi, . . . . x,- i ) has no isolated ones, and there 
are exactly S,(n - 1) such vectors. 
If x, = 1, we examine x, _ i . We cannot have x, _ i = 0, otherwise x, = 1 
would be isolated, so x, _ I = 1. Now consider x, ~ z. If x, _ 2 = 0, then the 
vector (xi, . . . . x, _ 3 ) has no isolated singletons, and there are exactly 
S,(n-3) such vectors. If x,-,=1, we examine x,-~. If x,_~=O, then 
(x , , ..., x,-~) has no isolated singletons, and there are exactly S,(n - 4) 
such vectors. We continue this process until we examine x2. At this stage 
the vector has the form (x,, x2, 1, . . . . 1). If x2 = 0, then x, = 0 (because 
S,(l) = l), and if x2 = 1, then x, can be either 1 or 0, so there are two 
vectors in this case. This argument shows that 
S,(n)=S,(n-l)+S,(n-3)+S,(n-4)+ ... +&(1)+2. (2) 
The term S,(n - 2) does not appear on the right because the case in which 
x,= 1 and xnP,= 0 was excluded. Now replace n by n + 1 in Eq. (2) to 
obtain 
S,(n+ l)=So(n)+So(n-2)+S,(n-3)+ ... +&(1)+2. (3) 
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Subtracting Eq. (2) from (3) we obtain the recursion formula in Theorem 1. 
The values of S,(n) for n < 25 are listed in Table I. 
We turn next to S,(n), the number of binary vectors with exactly one 
isolated singleton. Direct enumeration shows that 
S,(l)= 1, S,(2) = 2, S,(3)=3, S,(4) = 6. 
The remaining values can be determined by the following recursion. 
THEOREM 2. For n 2 3 we have 
S,(n + 1) = 2S,(n) - ASl(n - 1) + AS,(n - 1). (4) 
Proof. By an argument similar to that given for Theorem 1 we find 
S,(n)=S,(n-l)+S,(n-2)+S,(n-3)+S,(n-4)+ ... +S,(l). 
Subtract this equation from the same relation with n replaced by n + 1 to 
obtain Eq. (4). Table I also lists values of S,(n) for n < 25. 
Next, we consider S,(n), the number of binary vectors with exactly two 
isolated singletons. Direct enumeration shows that 
S,( 1) = S,(2) = 0, S,(3) = 1, S,(4) = 3, S,(5) = 6. 
Subsequent values can be determined from the following recursion. 
THEOREM 3. For n > 3 we have 
S,(n + 1) = 2S,(n) - AS,(n - 1) + AS,(n - 1). (5) 
The proof is like that for Theorem 2. In fact, exactly the same argument 
gives the following general theorem for S,(n) when 2 <k< [(n + 1)/2]. 
THEOREM 4. For k 2 2 and n 2 3 we have 
S,Jn + 1) = 2S,(n) - AS,(n - 1) + Ask- I(n - l), (6) 
with initial values 
S,(l)=S,(2)= ... =S,(2k-2)=0, S,(2k- l)= 1, &(2k)=k+ 1. 
Values of S,(n), S,(n), S,(n), S,(n) are given in Table I. 
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3. ISOLATED PAIRS 
Let P,(n) denote the number of binary vectors in n-space containing 
exactly k isolated pairs of consecutive ones. We begin with the case k=O. 
By direct enumeration we find 
Po(l)=Z P,(2) = 3, P,(3) = 6, P,(4) = 11. 
Subsequent values can be determined from the following recursion formula. 
THEOREM 5. Zf n83 we have 
P,(n + 1) = 2P,(n) - dP,(n - 2). (7) 
Proof: Suppose the binary vector (x,, . . . . x,) has no isolated pair, and 
consider the last entry, x,. 
If x,=0, then (xi, . . . . x,-i ) has no isolated pair, and there are exactly 
P,( n - 1) such vectors. 
If x,=1, we examine x,-,. If x+,=0, then (xi ,..., x,-*) has no 
isolated pair, and there are exactly P,(n - 2) such vectors. 
If x,=x,-i= 1, the vector is (xi, . . . . x, ~ 3, x, _ 2, 1,1) and we examine 
X n- 2. We cannot have x, _ 2 = 0, otherwise the last two entries would be an 
isolated pair. Therefore, x, _ z = 1 and the vector is (xi, ..,, x, _ 3, 1, 1, 1). 
Now examine xnP3. If x,_~ = 0, then (xi, . . . . x,_~) has no isolated pair, 
and there are exactly P,(n - 4) such vectors. If x, _ 3 = 1, we examine x, ~ 4. 
Repeat the process until we arrive at the vector (xi, 1, 1, . . . . 1). There are 
2 = P,( 1) choices for xi, each of which results in no isolated pair, so we 
have 
P,(n)= P,(n - 1) + P,(n- 2)+ PO(n-4) + ... + P,(l). 
Subtract this from the same relation in which n is replaced by n + 1 to 
obtain Eq. (7). The values of PO(n) for n < 25 are listed in Table II. 
Next we consider PI(n), the number of binary vectors with exactly one 
isolated pair of consecutive ones. By direct enumeration we find that 
P,(l)=O, P,(2) = 1, P,(3) = 2, P,(4) = 5. 
Subsequent values can be determined from the following recursion. 
THEOREM 6. For n > 3 we have 
P,(n + 1) = 2P,(n) - dP,(n - 2) + dP,(n - 2). (8) 
Prooj By an argument similar to that given for Theorem 5 we find 
P,(n)=P,(n-l)+P,(n-2)+P,(n-3)+P,(n-4)+ ... +P,(l). 
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Subtract this equation from the same relation with n replaced by n + 1 to 
obtain Eq. (8). 
Next we treat P,(n), the number of binary vectors with exactly two 
isolated pairs of consecutive ones. By direct enumeration we find 
Pz(n) = 0 for n=l,2,3,4, P?(5) = 1, P2( 6) = 3. 
Subsequent values can be determined from the following theorem whose 
proof is similar to that of Theorem 6. 
THEOREM 7. For n Z 3 we have 
P,(n + 1) = 2P,(n) - AP,(n - 2) + AP,(n - 2). (9) 
More generally, for k>2 the recursion formula for P,(n) has the 
following form. 
THEOREM 8. For k 2 2 and n 2 3 we have 
P,(n+ 1)=2P,(n)-AP,(n-2)+ AP,-,(n-2), (10) 
with initial values 
P,(n) = 0 for n=1,2,...,3k-2 and Pk(3k- l)= 1. 
The values of P,(n) for 0 6 k < 5 and 1 <n < 25 are listed in Table II. 
4. ISOLATED WI-TUPLES 
The same type of analysis can be applied to triples, quadruples, and, in 
general, m-tuples. Let Aim)(n) (Tables III-V) denote the number of binary 
vectors in n-space with exactly k isolated m-tuples of consecutive ones, 
where m > 1. Consider first the case k = 0. 
If n cm, no n-vector can contain an m-tuple of ones, so A&“‘(n) is the 
total number of binary n-vectors, 
A&“)(n) = 2” if n=l,2 ,..., m-l. (11) 
If n = m, there is only one n-vector with all entries equal to 1, so 
A(;“)(m) = 2” - 1. (12) 
If n = m + 1, there are exactly two n-vectors (0, 1, . . . . 1) and (1, . . . . 1,0) 
containing an isolated m-tuple of consecutive ones, so in this case 
A&“)(m+ l)=2m+1-2. (13) 
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0 
0 
c3
 
,4
:5
’(n
) 
= 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
2 
n=
 
16
 
17
 
18
 
19
 
20
 
21
 
22
 
23
 
24
 
25
 
g 
,4
/p
(n
) 
= 
58
53
6 
11
61
27
 
23
03
80
 
45
70
42
 
90
67
08
 
17
98
78
3 
35
68
53
6 
70
79
48
1 
14
04
47
09
 
27
86
27
56
 
5 
A\
5’(
n)
 
= 
68
32
 
14
53
1 
30
76
4 
64
87
4 
13
63
24
 
28
55
71
 
59
65
36
 
12
42
96
4 
25
83
94
8 
53
60
44
8 
s 
/q
’(n
) 
= 
16
8 
41
3 
99
6 
23
58
 
55
00
 
12
66
9 
28
87
2 
65
19
8 
14
60
46
 
32
48
40
 
2 
‘4:
5’(
n)
 
= 
0 
1 
4 
14
 
44
 
12
9 
36
0 
96
4 
25
08
 
63
68
 
A~
5’(
n)
 
= 
8 
0 
0 
0 
0 
0 
0 
0 
1 
5 
20
 
A\
5’(
n)
= 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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And if n = m + 2, there are exactly five n-vectors containing isolated 
m-tuples of consecutive ones, namely 
(x, 0, 01, (x, 0, 11, a x, O), (l,O, x)3 (0, 0, x), 
where x denotes the m-tuple of ones. Hence 
A~m)(m+2)=2”+2-5. (14) 
For subsequent values of n we use the following theorem whose proof is 
like that of Theorem 5. 
THEOREM 9. For n > m + 2 we have 
Ab”)(n + 1) = 2A&“)(n) - dAb”)(n - m). (15) 
This formula, together with the initial values in (11) through (14), 
completely determines the numbers Ahm)(n) for all n. 
Next, we consider the case k = 1. The analysis used to determine the 
initial values in (11) through (14) shows that we have (for m > 1) 
A!“‘(n) =o if n=l,2 ,..., m-l, (16) 
and 
A’;“)(m) = 1, A’,“)(m+ 1)=2, and A(;“)(m+2)=5. (17) 
For subsequent values of n we use the following theorem whose proof is 
like that of Theorem 6. 
THEOREM 10. For n > m + 2 we have 
Al”)(n + 1) = 2A’;“)(n) - dA’;“)(n - m) + dA&“)(n -m). (18) 
The corresponding recursion formula for Aim)(n) for k > 2 is given in the 
next theorem. 
THEOREM 11. For k32, ma1 and n>,km+k-1 we have 
Ajp)(n + 1) = 2Aj;“)(n) - dAim)(n -m) + dAiYl(n -m), 
with initial values 
Aim)(n) = 0 for n=l,2, ,,., km+k-2, 
and 
A~m)(km+k-l)=l. 
(19) 
(20) 
(21) 
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5. GENERATING FUNCTIONS 
This section determines generating functions for the number Aim)(n). We 
begin with isolated singletons, and we write S,(n) for Ah”(n). 
THEOREM 12. Let F,(n)=C:!, S&)x", and let Q(x)= 1-2x+ 
.x2-x3. Then we have 
(22) 
and, for k 3 1, 
FAX) = 
gk-‘(l -X)k+l 
Q(x)k” . (23) 
Proof: When k = 0 we have 
F,,(x) = f S,(n) x” = x + 2x2 + 4x3 + f S&I + 1) X” + ‘. 
n=l n=3 
Using the recursion in Theorem 1 we find 
F,(x) =x+ 2x2 + 4x3 + 2 (2&(n) - S&I - 1) + S&r - 2)) x”+’ 
II=3 
= x + 2x2 + 4x3 + 2x(F,(x) -x - 2x2} -x2{ F,(x) -x} + x3Fo(x) 
= x + x3 + (2x -x2 + x3) F,(x). 
Solving this last equation for F,(x) we obtain (22). Next we take k = 1 so 
that 
F,(x)= f S,(n)x”=x+2x2+3x3+ f S,(n+l)x”+‘. 
n=l n=3 
Using the recursion in Theorem 2 together with that in (1) we obtain 
F,(x)=x+2x2+3x3+ f (2$(n)-S&r-l) 
n=3 
+S,(n-2)+2S,(n)-S,(n+ l)}x”” 
=x+2x2+3X3+2x{Fl(x)-x-2x2} 
-x2{Fl(x)-x} +x3F,(x)+2xFo(x)- {Fe(x)-x}. 
582a/47/2-3 
188 TOM M. APOSTOL 
Hence 
F,(x)( 1 - 2x + xz -x3) = (2x - 1) F,(x) + 2x. 
Using (22) we obtain 
F~x)=(2x-l)(x+x3)+2xQ(x)=~3-2x2+x=x(l-x)Z 
I Q(x)’ Q(x)* Q(x)* ’ 
This proves (23) when k = 1. The result for general k 2 1 will be proved by 
induction on k. 
We recall that S,(l)= S,(2) =0 for k > 2. Using the recursion in 
Theorem 4 we find 
F&j= f S&+1)x”+’ 
n=2 
= f {2&s&)-S&- 1)+&Y&z-2) 
n=2 
+Sk~I(n-l)-~S,_,(n-2))x”+’ 
=(2x-x2 +x3) F,Jx) + (x2 -x3) Fk-,(x), 
so Q(x) Fk(x) = (x2 - x3) Fk- ,(x) or FJx) = x2( 1 -x) Fk- l(x)/Q(x). This, 
together with the formula for F,(x), proves (23) by induction for all k 2 1. 
THEOREM 13. Zf m 2 2 and k 2 0, let Fim)(x) = C,“= 1 Aim)(n) xn, and let 
Q(X) = 1 - 2x + X* + ’ - x* + *. Then we have 
F6”‘( x) = 
x(2-xmp’+Xm+‘) 
Q,(x) (24) 
and, for k > 1, 
zp(x) = 
xkm+k-l(l -X)k+l 
QmWkfl ’ (25) 
ProoJ Using the initial values in (11) through (14) we see that 
F(dn’(x)=2x+4x2+ ... +-2m-1~m-1+(2m-l)xm+(2m+1-2)xm+1 
+(2”+*-5)xm+*+ g A&“‘(n)x” 
n=m+3 
mc2 
=“;1 (2x)“-xm(l+2x+5x*)+ f A~*;“‘(n+l)x”+‘. 
n=m+2 
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To evaluate the last series we use the recursion formula 
with the initial values in (11) through (14) to obtain 
2 Ab”“(?z+ l)xn+’ 
n=m+2 
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in (15) together 
= c {2Ay(n)-‘4I;“‘(n+z)+Aj)“‘(n- 1 -m)} xn+’ 
l7=*+2 
=2x f Ap’(n)xn-Xm+l f Apqn-m)x”-” 
,I=*+2 n=m+2 
+ x m+2 f /qo(n- 1 -,)y-1-m 
n=m+2 
i 
mfl 
=2x F))*‘(x)- c (2x)“+xrn(l +2x) 
n=I I 
-xm+‘(F~*‘(.~)-2x) +x”‘+2f-p’(x). 
Using this in the above equation for FL*‘(x) we find 
m+2 
F/y”(x) Q,(x) = c (2x)” - xm( 1 +2x + 5x2) 
n=l 
m+2 
- n;2 (2x)” + x”(2x + 4X2) + 2x” + 2 
=2x-x”(l +X*)+2xm+*=x(2-Xm-l+Xm+r), 
which implies (24). 
Next we take k = 1. Using the initial values in (16) and (17) we find 
Ff”‘(x)=x”‘+2x”+*+5xm+*+ f A~*‘(n+l)x”+’ 
n=m+* 
=Xm+2xm+l+5xm+2 
+“=;+, {2Al”‘(n)-AI”‘(n--)+AI”‘(n-l--m) 
+Ajj*‘(n-m)-Ap(n- 1 -m)} X”+’ 
=Xm+2xm+1+5xm+2 +2x(F\*‘(x)-x*-2x*+‘}-X*+‘F(l*‘(X) 
+ Xm+*qm’(x) + xm+ l{Fom’(x) - 2x) - X*+*F(*‘(x). 
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Therefore, 
F\“‘(x)Q (x)=x~-.~~+*+F~~)(~)(x~+‘-x~+*) m  
=x”(l -x2)+xm+‘(l -x)(2x-x”+x”+2)/Q,(x) 
x”(l-x){(l+x)Q,,j(x)+2~2-~m+‘+~m+3} = 
Q,(x) 
xrn(l -x)2 
= Q,(x) 
SO 
xrn(l -x)2 
W’,“‘(x)= Q,(x)* . (26) 
If k > 2, a similar argument shows that 
F(k%) = Qm(x) Xm+ ‘(l -x) Fhy,(x), 
and when this is combined with (26) we obtain a proof of (25) by 
induction on k. 
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